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1 Introduction 

X 

The dynamics of N electrons in an atom (K = 1) or molecule (K > 2) 
with K nuclei of charges Z_ := {Zi,Z%, . . .,Zk), fixed at positions R := 
(i?i, i?2, • ■ • , Rk), is generated by the Hamiltonian 

H^Z,R) := £ ( - ^ - t ^) + ^ E a . S^j d) 

n=l \ j = l ' J ' / l<n<m<N ' ' 

to lowest order in the Born-Oppenheimer approximation. H^ N '(Z_,R) = H^ 
is a semibounded, self-adjoint operator defined on a suitable dense domain 
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pW in the Hilbcrt space J 7 ^ ' [fj] of antisymmetric iV-elcctron wave functions, 

cf. (18) below. 

Basic quantities of interest are the ground state energy 

E^(Z,R) := w£{<t{hW(Z,R)}}, 

whose variational characterization 

e£\z,R) = inf {(*w| fW*^)) I *w e #>nj f w | ||*W|| = 1} 

(2) 

is given by the Rayleigh-Ritz principle, and corresponding ground states 'I'gs , 
i.e., normalized solutions of the stationary Schrodinger equation 

The Hartree-Fock (HF) variational principle is an important method to obtain 
approximations to both, the ground state energy and ground states. The HF 
energy E^ t (Z_,R) is defined by restricting the variation in (2) to <S2?' '[()], 

E$\Z,R) 

= m{(*w\hW$w}Uw erf") nSD (N)^ ||$W|| = i}, 

(3) 

where SV^ '[()] C J 7 ^ '[§] denotes the set of Slater determinants, i.e., the set 
of all antisymmetrized product vectors <p\ A • • • A ifN- Since the variation in 
(3), compared to (2), is restricted, we clearly have 

E$\Z,R) > EW(Z,R). 

A lower bound to the ground state energy by the HF energy minus an error 
which is small in the large- Z limit was obtained by one of us in [1, 2]. In the 
case of a neutral atom, i.e., N = Z := Z\ and R\ = 0, the resulting estimate 
was 

EJPiZ) > 1&{Z)-0(zW*)->), (4) 

for some e > 0. The error term 0(Z^ 5 ^ 3 ^~ e ) is small compared to all three 
contributions to E^ f (Z), namely, the kinetic, the classical electrostatic, and 
the exchange energy which are at least of size cZ 5 ' 3 in magnitude for some 
constant c > 0. 

A key inequality derived in [1] that eventually lead to (4) is the fermion corre- 
lation estimate 
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Ux®X)T m \ > -tri{X 7 }min|l; const- ^/tn {X (7 - 7 2 )}| (5) 
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where X = X* = X 2 is an orthogonal projection, r^ T ' :— T — (1 — Ex)(7 7), 
r = r $ <jv) is the two-particle and 7 = 7 $ <jv) the one-particle density matrix of 
a normalized TV-electron state $( w ) g .F f '[fj]. 

The purpose of the present paper is to give an alternative derivation of (5) by 
using ideas originating from the theory of 7V-representability. More precisely, 
we show that (5) follows already from the G-Condition and the P-Condition 
specified by Garrod and Percus [8] and Coleman [4]. 

Observing that the Rayleigh-Ritz principle (2) can be rewritten as a varia- 
tion over all ./V-representable two-particle density matrices T, we consequently 
obtain (4) from relaxing the requirement of ./V-representability of Y to merely 
requiring T to fulfill the G-Condition and the P-Condition: 

Theorem 1.1. The G-Condition and the P-Condition imply (5). 

We note that (5) was also derived by Graf and Solovej in [9] by a different 
method that, in retrospective, resembles the application of Garrod and Percus' 
G-Condition. In fact, one part of the derivation in [9] follows already from the 
G-Condition. A main difference to using represcntability methods, however, 
lies in the use of operator inequalities in [9] which are necessarily formulated 
on the A-particle Hilbert space, as opposed to the one- or two-particle Hilbert 
spaces in the presented work. 

In future work we plan to sharpen this result by making additional use 
of Erdahl's Ti- and T2-Conditions [6, 5] which have recently lead to very 
good numerical results in quantum chemistry computations [3, 12, 13], as well 
as Coleman's Q-Condition which was also given in [4] but is not necessary 
for the derivation of our present result. Furthermore, similar represcntability 
conditions also exist for bosons [12]. There we like to adress the question 
whether analogous results can also be obtained. 

Acknowledements. We would like to thank Gero Friesecke, Peter Miillcr 
and Heinz Sicdentop for fruitful remarks and discussions. H. K. K. and E. M. 
were partially supported by the MPGC Mainz and the ESI. 



2 Density Matrices and Reduced Density Matrices 

2.1 Fock space, Creation and Annihilation Operators 

Let \) be a separable complex Hilbert space which we henceforth refer to as the 
one-particle Hilbert space. The fermion Fock space T = Ff [()] is defined to be 
the orthogonal sum 



m]--=®^ N) i% 



N=0 
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where 

N N 



^ N) [D]:=f\i):=A N (<^)i) 



is the antisymmetric tensor product of N copies of I), for N > 1, and J 7 ^ [{)] := 
(D • fi, with f2 being the normalized vacuum vector. Here, vA^v is the orthogonal 

N N 

projection from (^) I) onto /\ t) uniquely defined by 

7r£<Siv 
1 

=y>i A • •• AtpTv, 



VJV! 

for (fi, . . . ,(fN G f). It is convenient to introduce creation operators c*(/) G 
S(.F) for any / € f) by 

c*(.m-.= f, (6) 

c*(/)(vi A--- Av?iv) —fAif! A---Aip N (7) 

for ¥?i,... , <ptv € t), and extension by linearity and continuity. By induction 
and (6)-(7) 

(pi A ip 2 A • • • A ip N = c* (<pi)c* {(f2) ■ ■ -c*(ip N )fl (8) 

for all </?i, (^2, • • • j Vtv € I). If {<Pfc}fc = i C I) is an orthonormal basis (ONB) of f), 
then for any TV € N 

{c* ( Vfel ) • • • c* (y kN )fi| 1 < fci < fc 2 < • • • < fcjv} C J" f (Ar) [()] (9) 

is an ONB of J" f W [f)], and 

{c*( ¥ >fc 1 )-"C*( Vfcw )fi| TVGNq, l<fci <fc 2 <---<fc A r}C J" (10) 

is an ONB of T. 

The adjoint operators c(/) := (c*(/)) € ^(-T 7 ), with / <G f), are the annihila- 
tion operators. Note that, while / i— *■ c*(/) is linear, / i->- c(/) is antilinear. 
Together with the creation operators they fulfill the canonical anticommutation 
relations (CAR), i.e., 

V/,<?ef): {c(/),c*0?)} = </|flr> 6 -l^, {c*(f),c*(g)} = 0, (11) 

where {A, B} := A_B + _BA denotes the anticommutator. 
Moreover, 

V/ e f) : c(/)fi = 0, (12) 
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and {c*(/),c(/)| / £ if} is completely determined by (6), (11) and (12), i.e., 
(7)-(10) follow from (6), (11) and (12). The creation and annihilation operators 
introduced here are a specific representation of the (abstract) CAR (11), namely 
the Fock representation. For ip k being any element of a given ONB {<+Pk\'k'=i C 
f), we write 

c* k = C*((fi k ), c k = c(if k ). 

An important unbounded, self-adjoint and positive operator on T is the number 
operator N defined by 

N (c*(/i) • • • c*(f N )n) := N ■ c*{h) ■ ■ ■ c*(f N )n 

for any /i , . . . , /n £ f) • It is not difficult to see that 



N = £V feCfc 



fc=i 
as a quadratic form, for any ONB {^Pk\ c k= i Q t)- 

2.2 Density Matrices 

A positive trace class operator p £ C l + (F) of unit trace, trjr {p} = 1, is called 
density matrix. Given a density matrix p, the map A n- tv jr {p A} defines a 
state, i.e., a normalized, linear, and positive functional on B(F) 3 A. If ^ e T 
is a normalized vector, then \^l) (W| is a density matrix (of rank one) called 
pure state. In this paper we study fermion systems with a repulsive interaction 
and whose dynamics preserve the particle number. For this reason we restrict 
our attention to density matrices which commute with the particle number 
operator and have a finite squared particle number expectation value, 

oo 

p=0pW, and <N 2 ) p <^, (13) 

N=0 

where here and henceforth we denote for any A £ B(ty) 

(A) p :=trr{piApi}. 

Note that, if m ^ n, m,n > 0, then trjr {pc*(fi) ■ ■ ■ c* (f m )c(gi) ■ ■ ■ c(g n )} = 
for any choice of /i, . . . , f m ,gi, . . . ,g n e If, due to (13). 

2.3 Reduced Density Matrices 

Given a density matrix p £ C\(F) subject to (13), we introduce two bounded 
operators, j p £ B(tf) and T p £ £>(() h), by 

V/,SG&: (f\7 P g)~t^{pc*(g)c(f)} (14) 



6 
and 

V/1,/2,31,52 € f) : (fi<S>f 2 \r p (g 1 ®g2)) ~ ti^ {pc*(g 2 )c*(g 1 )c(f 1 )c(f 2 )} ■ 

(15) 

7 P is called the one-particle density matrix (1-pdm) and T p the two-particle 
density matrix (2-pdm) corresponding to p. For any ONB {<£>fc} fc=1 Q f) we 
dchne the exchange operator Ex € B (f) f)) by 

00 
Ex := J~] |y fc ipi) {ipi y fc | , (16) 

fc,;=i 

such that Ex(/0g) = <? /. Then the CAR leads to the antisymmetry 
property of T p : 

Exr p = -r p = r p Ex. (17) 



The following properties of the 1-pdm and the 2-pdm are easily proven (we 
denote tri := trj, and tr2 := tr^f,): 

Lemma 2.1. Let p E L^F) be a density matrix obeying (13). Then the fol- 
lowing assertions hold true: 

i) 7 P € £V(W. 0< 7 p<l, tri { 7p } = <N> p , r p € C\§ f|), 
< T p < (N) p , and tr 2 {r p } = (N(N - l)) p . 

ii) //Ranj/?} CJj 1 \ i/ien, for all f,g e f), 

(/I 7p3> - T^y ^ (/ Vfcl T P ( 5 ¥>*)) , 



fc=i 



where {<Pfc} fc=1 C 1) is an ONB. 
Hi) Furthermore, 



N 



p= \c*(<pi)---c*(<p N )Q.) (c*((pi)---c*((p N )il\ -^ 7 P = y^ \(fj) (<pi\ 

»=i 

and, in this case, 

T p = (1 - Ex) ( 7p 7p ) . 
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2.4 Hamiltonian and Ground State Energy 

Recall from (1) that the Hamiltonian of an atom or molecule is given by 

N / K 



HW(Z,R):=J2[-A Xn -Y: 



Zi- 



fe=i 



X n - Rk | 



E 



i 



(18) 



Kn<m<N 



Choosing an ONB {(pk}™ =1 C f) = L 2 (R 3 x 1 2 ) such that {<fk}T =1 ^ 
H 2 (R 3 x Z 2 ), where H 2 (R 3 x 7L 2 ) denotes the Sobolev space, we define 



hki 

Vki, 



: rk 



K 



Ax ^\x-R k \ 



■-Pi 



Vk ®Wi 



k=\ 

1 



\x-y\ 



(if m <p n ) ) , 



and 



H := ^2 hkic* k ci+ ^2 Vkl; mn C*C* k C m C n . 

k^l—l k.l,vn,n= 1 

Stability of matter ensures that H + /1N is a semibounded self-adjoint operator, 
provided p < oo is sufficiently large. Moreover, the Hamiltonian of an atom or 
molecule can be viewed as 

i.e., H( N \Z,R) is the restriction of JH to T ( { N) [I)]. 
The ground state energy can now be reexpressed as 

E^ ) (Z,R)=mi{tvr{p^fLp^}\ peCl(T), Np = Np, tr^{p} = l} 
= inf{f ( lp ,T p )\pe£ 1 + (T), Slp = Np, tr^{p} = l}, 

where the energy functional is defined as 

£r( 7 p,r ;9 ) : =tr 1 {/ l 7 P } + itr 2 {Fr p }. 

We call (7, T) e B(t))xB(t)<E)i)) iV-representable if there exists a density matrix 
p € £+(.F) with Np = Np and tr^r {p} = 1 such that 7 = j p and r = T p . Using 
the notion of 7V-representability, the ground state energy can be rewritten as 



EW 



inf < £ (7, T) (7, T) is TV-representablc \ . 



By Lemma 2.1, we have that 

Eg } - inf {£(7, (1 - Ex) (7 7)) I 7 = 7* = 7 2 , tn {7} = n} , 
and Lieb's variational principle [11, 1] ensures that actually 






inf \£ (7, (1 - Ex) (7 7)) < 7 < 1, tn {7} = 7v} 



3 G-, P- AND Q-CONDITIONS 

In this section we derive necessary conditions on (7, T) to be ./V-representable. 
To this end, we assume N G N, 7 G >C 1 (()) with < 7 < 1 and tri {7} = N, 
T G £ 1 (f) f)), ExT = TEx = — T, and we call (7, T) admissible in this case. 

(P) (7, T) fulfills the P-Condition 

:^T>0. (19) 

(G) (7, T) fulfills the G-Condition 

:<*> MA e B(h) : tr 2 {(A* A) (T + Ex (7 1))} > |tn {A 7 }| 2 . (20) 

(Q) (7, T) fulfills the Q-Condition 

:<^r + (l -Ex)(l0 I-70I- I07) >0. (21) 

Our main result of this section is 

Theorem 3.1. Let p G L 1 ^) (not necessarily positive) such that tijr {p} = 
1, tijr I \p\ 2 N 2 |p| 2 > < 00, and that p preserves the particle number, i.e., 

N, p = 0. Define -f p andT p by (14) and (15), respectively, and let {fk}^=i C 
f) be an ONB. Then the following two statements are equivalent. 

(i) IfV r G B{F) is a polynomial in {c* k , Ck} ( ^L 1 of degree r < 2, then 

trr{pV* r T r }>0. (22) 

(ii) (-f p ,T p ) is admissible and fulfills the G-, P- and Q-Conditions. 

Before we turn to the proof of Theorem 3.1, we establish its finite-dimensional 
analogue in Lemma 3.2 below. Theorem 3.1 then follows from Lemma 3.2 by 
a limiting argument. 

Lemma 3.2. Let p G C 1 (J 7 ) (not necessarily positive) such that trjr {p\ = 
1, tijr i |p| 5 N 2 |p| 5 > < 00, and that p preserves the particle number, i.e., 



N,p 



= 0. Define 7 P and T p by (14) and (15), respectively, and let { ( fk}k=i ( ~ 



f) be an ONB. Then the following statements are equivalent. 
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(i) IfVr G B{F) is a polynomial in {c* k , Ck}TL,i of degree r < 2, then 

trr{pT* r T r }>0. (23) 

(ii) For any 4> G span{</?fc| k G N} ; ^ G span{y>fc ipi\ k,l € N} 7 we have 

O<(0|7p0)<1, (24) 

(*|T p *)>0, (25) 

(*| (T p + (1 - Ex)(l 01- 7p 01-10 7p )) *) > 0, (26) 

and, for all A := £ a ki \<p k ) (<pi\, M<^, (a«)f, =1 G C MxM 7 
fc,/=i 

tr 2 {(A* A) (r p + Ex ( 7p 1))} > |tri {A lp }\ 2 . (27) 

Proof. First we show (%) =>■ (nj. The properties (24)-(27) of (7 p ,r p ) can be 
checked by suitable choices of V r . 

M 

a) The first inequality of (24) follows by choosing V\ := ^oiiCi, where 

»=i 
a,eC and M < oo: 

M 

< tr J r{p'P* , Pi} = J^ aiajtTj7{pc*Cj} 

M M 

= X! X! (<Wl7p(ai¥'i)) = (0m| 7p^m) , (28) 
i=i »=i 

M 

with ^m := X) c^iVi G span{i^fc| fc <G N}. The second inequality derives 

i=l 

M 

from the CAR and Pi := ^ a « c i : 

j=i 

M 



< tijr{pVlVi\ = ^2 ^ajtrjr {pc l c*} 

M 

= ^ a^jtrjr [p (Sij - c*a)} 



M M 

= (^m|(1-7 p )0m>. (29) 
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M 

b) Property (27) is obtained by choosing Vi := p + \ J2 a ki { c *k c i — c i c *k) 

k,l=l 

with ji, aki G <D, M < oo and calculating tr^r {pV^V-z}'- 



< tr^<{ p( p + - J^ a k i(c* k ci - cic%) 

~Z / j Oi mn (C m C n — c n c m ) I > 
m,n— 1 ' ^ 

tr -nW 2 E a «(4c;-Ci4)j f- ^ a mn {c* m c n - CnC* m )\ \ 

^ ^ fe,(=l ' ^ m,n=l ' ^ 

f_ fl M 

2<He^/ztr^ - p J^ a k i{c 



k,l=l 

E< 
fe,;=i 

M 



{cla-cicD > > + \pf . 



Now we expand the brackets and use the CAR to reorder the annihilation 
and creation operators: 



M f ( ! 

kjl,m 7 n—l 

-Is * Ix 



(_ M r 

+ 2VKt< p ^ ^kitrjr } p 

^ k.l=l ^ 



ctci - -Ski )\\ + H 2 



Bearing aki = (fk\ Atpi) and tvj?{p} = 1 in mind, we derive from the 
definitions of T p and 7 P that 



M , l 1 

r p + 1 7 P - 2 Ex (7p ®1)- 2 Ex ^ ® 7 ") 



o < ^2 (<fk®tp 



k,l,m,n—l 



+ -Ex (10 1) )(y„, T :;i 



x (^ p m | (A* A) (<^ fe p n )) 



M _ M 



-2fRe<| m ^ (y'fel^Vi) (^17/pVfe) - ^^('Pkl Aip k ) \ + \p\ 2 . 



2 

k,l=l fe=l 
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We can now perform the summations and arrive at 

< tr 2 i Ex ( A* A) ( - T p + 1 7p 



1 (1 
+ -Ex! -1 1 - 1 j p - j p 1 

2 9le|Mtr 1 { J 4 7 ,}-|tr 1 { J 4}| + | M | 2 



Jl0l-i( 
2 



= tr 2 <{ (A* 0^)(r p + (l07 p )Ex+ 7 l0l - -(107 P + 7 P 01) 
2V\t\ -pin {A lp } - ft tri {A} \ + | M | 2 . (30) 



Defining s € (D by /i =: (s + |) tri {A} 7 the inequality can be rewritten 



as 



<tT^\pl/J,+ - Y^ Ukl{c* k Cl - CjCfe)j 



/ 1 M 

^ m,n— 1 

= tr 2 |(A* A)(r p + |s| 2 l0l + sl07 p + s7 p 1 + (1 7 P )Ex) j. 

(31) 

M 

This inequality is valid for all s. We first assume that tri {A} = J^ a a 7^ 

i=i 

0, then the choice s := — lr ia\ optimizes the inequality. The conclusion 

is (27): 

tr 2 {(A* A) (T p + Ex ( 7p 1))} - |tn {A 7p }| 2 > 0. (32) 

Note that (31) and (32) are equivalent because (32) implies (31) by 

tr 2 {(A* A) {T p + Ex ( 7p 1))} > |tn {A 7p }| 2 

> -tr 2 |(A* ®A) f|s| 2 l0l + sl07 p + s7 p 0lH. 

Conversely, if tri {A} = 0, the choice /j, = — tri {^7} m (30) leads directly 
to (32). 
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M 

c) Inserting Vi '■— X ~&kiCkCi into (23) yields inequality (25): 

k,l=l 



0<tr^p £ 



A/ 



fc,2=l 



OtklCkCl I 



M 

E 



^mnCmCn 



M 



^ a k ia mn trjr {ptfc* k c m c n } . 



fe,£,m,n=l 

By the definition of T p one finds 

M 



0< J^ Q!fcja mn (Vm<El<Pn|rp(vJfe(8l^)) 

fc,/,m,n— 1 



M 



where * M := I] ay (<p» ® <Pj) e span{y> fe ® tpi\ k,l e N}. 



m 



d) Inequality (26) follows from (23) by choosing 7^2 := X) a w 



fc,£=l 



few ■ 



0<trJp ^ 



A/ 



a H c fe q 



fej=i 



M 

E 



a/ 



y^ Qffeia m „trjr{pc;CfeC^c*}. 



fe,/,m,n— 1 



(33) 



By normal-ordering using the CAR, one establishes the required relation- 
ship to T p and 7 p : 



A/ 



0< /2 a klCtmn^T{p{c* m C* n ClC k - 5l n C* m C k + S kn C^Ci + 8i m C* n C k 
fe,/,m,n— 1 

— SkmC* n Q — &lm&kn + &km&ln) } 
/ M 

= ( E a «(w ® ^fe) 



fej=i 



(r p + (1 - Ex)(l 1 - 7p 1 - 1 i p f) 
x J^ a TOn (<p„ 0<p TO ) > 

\m,n=l / / 



= (*m| (r p + (1 - Ex)(l 01- 7p 01-10 7 „)) * M ). (34) 

Next we prove (ii) => (i). Thus, we assume (24)-(27). 
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M 

e) A general polynomial of degree r < 1 is of the form V\ = Y] {a k c* k + 

fc=i 
PkCk) + P with p, a kl f3 k G (D. This means we have to consider 

M 

tip {pPfPi} = J~] trjr {p (q fc Cfc + /3fcCfc + p)*(aic* + fag + p)} ■ (35) 
fc,i=i 

We expand the product on the right side of (35) and compute the 
traces, taking into account that trjrjpc*} = trjr{pci\ = trjr {pc*c*A = 
trjrjpciCj} = for every z,j since p preserves the particle number. 
Therefore, only three terms in (35) are non- vanishing, 

M 

tor{pV{Vi}= E tr^{ /5 (K4)*(a i cr) + (/3 fe c fc )*(/3 fc c fc ))} + | M | 2 , 
k,i=i 

where we additionally use trjr {p} = 1. The sum over the terms in braces 
is non-negative due to (28) and (29). The conclusion is trjr {pV*V\} > 0. 

f) For r < 2 we have a general polynomial given by 

M MM 

V 2 = v + ^ ( a k c l + /5fcCfe) + ^2 a kic* k c* + ^2 PkiCkCi 

k=l fe,;=l k,l=l 

M M 

+ ^2 K kl c *k C l + X/ WlCkC*, 
k,l=l k,l=l 

where u,a k , (3 k ,a k i, ftkh KkhVkl € (D, for all 1 < k, I < M. Using the 
CAR, we rewrite V2 as 

v 2 = Vi + v 2 , a + v 2 .fi + r 2 ,r n 

where 

M 

V\ := p + ^2 ( a k c l + PkCk) , 7\ a ■ = ^2 aklC k C k> 

fc=l k,l=l 

M M 

V2.fi ■= ^2 PklCkCl, V 2 ,6 ■= ^2 ® kl ( C k C 'l - C l C k) ( 

fe=l k,l=l 

and 

M 

2 



1 M 1 

P ■= v + ~ ^2 ( Kkk + *?**) > ® kl : = 9 ( K *= ( ~~ r ?" £ ) 



fc=i 
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Then 

t^{ P v;v 2 } 

= fa* { P {VI + Vl a + Vy + Vl n ) (Pi + V 2 . a + V 23 + V 2 ,e)} 

+ trr {p-Pl e V 2 ,e} , 

whore we use that trjr{p'P*'P; ) } = whenever a ^ b, since p con- 
serves the particle number. Now, e) implies trjr {pPiPi} > 0, (34) 
yields t^{pVl a r 2 . a } > (see d)), (33) yields tr^jpP*^^} > 

(see c)), and trjr i pV^ gP 2 .e > > follows from (32), see b). Hence, 
t^{ P ViV 2 }>0. 

a 

Lemma 3.2 is the algebraic part of the proof of Theorem 3.1. To conclude, we 
have to extend the proof to infinite dimensions. 

Proof of Theorem 3.1. Since (ii) contains (24)-(27) of Lemma 3.2, the impli- 
cation (ii) =>■ (i) is obvious. For (i) =>■ (ii), let <j>,ip and $, "J be normalized 
vectors in f) and f) <g> f), respectively, and set a, := (<Pi\<f>)> fii := (</9i|^) and 
otij := ((fit <g> <fij\&), Pij ■= {<Pi ® <Pj|*) for all i, j e IN. For M £ N, we define 

M M 

the orthogonal projection Pm ■= Yl \fk) (Vfcl an( i se t <?W := -Pm^ = X) Q^Vi 

fc=i »=i 

M 

and ^m := (-Pm <g -Pm) * = J2 Pij {'■Pi <8> ¥?j)- The admissibility and the G-, 

P-, and Q-Condititions follow from Lemma 3.2 as follows: 

a) For the 1-pdm we have ||7p||op < 00, since 

|(^|7p^)| = |tr^{pc*(^) C (0)}| 

<tr J r{|p|}WW=tr^{|p|}<oo 

by the Cauchy-Schwarz inequality and c*{4>)c{4>) < 1 {4>\4>). Afterwards, 
we infer by the triangle inequality 

\{4>\lp4>) - (<f>M\jp<pM)\ = \((p-(j>M\7p<t>) + (4>M\jp{(f>-<pM))\ 

< \(4>-<Pm\j p 4>)\ + \((f>M\j P {4>-<pM))\ 

<U-(f>M\\{\\<t>\\ + \\<t>M\\)hp\\o P 

<2||^-^ M ||||7pl|op. (36) 

As M — > 00, ||0 — 4>m\\ vanishes and we conclude with {4>m\ 7p^m) > 
that also (</>| 7 P </>) > for all € f). The same argument with 7 P replaced 
by 1 - 7 P leads to (cf>\ (1 - i p )<f>) > for all 4> e t). 
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b) 7 P <G C l (\)) follows by monotone convergence since j p > 0. For any ONB 
{V'ij^i Q i) and e > 0, we have 



oo , M •. 

^2 (ipk\ 1 pipk) < sup I ^2trjr{pc* k c k } I 
fe=i M ^ fe=i ' 



, M 

sup< tr^ pV4c fc 



m L L VN + e 



A / M 



fe=l 



<'fc 



1 



N + e 



< (A^ + e)tr^{|p|} < oo 
since N p = iVp and 



iST; ) ( S c fe c *= ) ( w-l, 
\fc=i 



N+c 



N+e 



< 1. 



op 



c) Thanks to b) we can compute ^ Upk Ip^Pkj using monotone convergence 

fc=i 

and N p = Np. This gives the trace of j p . 

oo oo 

tr i{7 P } '^^(PkllptPk) =^trjr{p4cfe} 
fc=l fc=l 

= tr ^ pJ2 c *k ck \ = tr ^ {^} = N - 

^ k=l ' 

d) For any basis of f), the identities ExT p = T p Ex = — T p are a consequence 
of the definition of T p and the CAR. 

e) We conclude from the definition of T p by the Cauchy Schwarz inequality 



|<*|r p #) 



■x. 



tr^p J2 & 



m,n=l f x k.l=l 



:x. 



<tr^{H}||*||||*||=tr^{|p|}< 



oc . 



Therefore, we have ||r p || op < oo. Afterwards, we infer analogously to 

(36) 

|(* | r p *) - (* M | r p * M )| < 2 1|* - *M||||r p || op , 

which tends to zero as M -> oo due to the definition of *m- With 
(* M | r p * M ) > from (33), this means (*| T p ^) > for all * e f) f). 

f) To prove that T p e £ 1 (() (g) f)) we show that there is an ONB {ipi}°l 1 <= f) 

oo 

such that J2 (i'k "0(1 r p (V'fe V"0) i s finite, again using T p > 0. For 

k.l=l 
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any e > we have, using ¥i p — Np and monotone convergence, 

M 



^2 ^ k ® ^1 TpCV'fc ® -00) < sup ] J^ try- {p 
fc,l=i M L M=i 



CjCfeCfcCj) 



sup <{ tr^ p 

M 



M N 2 

L v fe=l 



M 
fc=l 



A/ 



< sup J (N 2 + e) tr J |p| 



< (A^ 2 + e)tr^{|p|} < oo 



M 



since J2 c *k c k > and, due to I 5Z c l c k ) < IN 



fe=i 



N 2 



a/ 



M x 2 

fe=l 



N 2 



N 2 



M x 2 



X! c fe cfe 



fc=l 



N 2 



< 1. 



g) To check (32) for any bounded A (not necessarily of finite rank) we abbre- 
viate A G := T p + Ex (7 P 1) — 7 P 7 P and set A M '•= PmAP M - Clearly, 
Am is of finite rank and we observe 

|tr 2 {{A* A) A G } - tr 2 {(A* M A M ) A G }| 

= |tr 2 { [(A - A M )* A + A* M (A - A M )] A G } | 



tr 2 {[(J 



P M A*Pjtr + PjtrA*P M + P£rA*Pt 4 



M 



M J 



M) 



A 



+ A* M (P M AP M + PmAP m + P M AP M ) ] A G } | (37) 

using P M := 1 — Pm- For |tr 2 {(P m A*Pm 4) A G }|, for instance, we 
find 

\tv 2 {(P M A*P M ®A)A G }\ 

= |tr 2 {(P M A*P M A) T p } + tri {P^*P M 7^} 

- tri {P M A*P M lp} txi {4 7p } | 
< |tr 2 {(Pj^4*P M 4) T p }| + |tn {P A L / 4*P M 7p4}| 

+ | tri {P M A*P Mlp } tri {A 7p }| . (38) 

Since T p > due to the P-Condition (see c)), P M , Pm > and Np = Np 
we have on the one hand 

|tr 2 {(P M A*P M A) r p }| < \\A\\ 2 op tv 2 {(P^ i) r p } 

= (N-l)\\A\\ 2 op tr 1 {P M7p }, 
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and on the other hand with < 7 P < 1 and Pm < 1 

|tn {P M A*P Mlp A}\ < piston {P m1p } , 
and 

|tri {P M A*P Mlp \ tn {A 7p }| < TV p||2 p tri {^7,,} 



Note that tri {Pm7p} = X) (<Pk\l P Vk) 

fe=M+l 



0, as M — >• oo, since 



X) (<Pfc| Tp"/ 3 *:) = tri {lp} — N is convergent. Analogously, one finds 

fc=i 

that all terms on the right hand side of (37) tend to zero, as M — >• oo. 

This, in turn, implies tr2 {(A* A) Aq} > for any bounded A since 

tr 2 {(A^ A M ) A g } > due to (32). 

h) Again by the Cauchy-Schwarz inequality we find 

U> fr /9 + (l-Ex)(10 1-7 /9 01- l®7 p )j$ 

m,n=l 



J mn c mC n 



^ CXklCkQ 



<tr^{|p|} ||vl/||||$| 



and, therefore, ||r p + (1 -Ex)(l0 1~7 P 1- l07 / ,)|| op < oo. Following 
(36) with r p + (1 - Ex)(l 1 - 7 P 1 - 1 7 P ) instead of T p , we arrive 
at 

/* (r p + (l-Ex)(l0l- 7p 0l-l07 p )W\ >0 V*gf)0f). 

(7 P , r p ) obeys the P-, G-, and Q-Conditions by e), g) and h). The admissibility 
is ensured in a) to d), and f). □ 

A simple consequence of Theorem 3.1 is 

Corollary 3.3. Let N £ N and assume that (7, T) is N -representable. Then 
(7,r) is admissible and fulfills the G-, P- and Q-Conditions. 

Proof. Since (7, T) is A-representable, there exists a density matrix p £ £]j_(.F) 
with (7, r) = (7 P , r p ). By the last theorem, (7, T) then is admissible and fulfills 
the G-, P- and Q-Conditions. □ 

Remark 3.4. The G-Condition (27) seems to be asymmetric in terms of 7 p . 
However, since tr 2 {(A B) T p } = tr 2 {(B A) T p }, it is easy to show that 
also tr 2 {(A* A) (T p + Ex (1 7 P ))} > |tr x {A7 P }| 2 holds. Thus, we have a 
symmetrized, but weaker, G-Condition given by 

tr 2 l(A* <E>A) fr p + -Ex(107 p + 7 p 01)U > |tn {A lp }\ 2 . 
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4 Correlation inequalities from G- and P-Conditions 

In [1], a lower bound on the difference of the ground state functional S (7, T) 
and the Hartree-Fock functional £(7,(1 — Ex (707))), i.e., 

tr 2 { VT< T > } = tr 2 {V {T - (1 - Ex) (7 7))} , (39) 

is derived using the decomposition of the potential V according to Fefferman 
and de la Llave [7] . It turns out that this decomposition is also useful to derive 
lower bounds only by means of 7V-represcntability. The main result of this 
section is the following theorem. 

Theorem 4.1. Let X = X* = X 2 € 23(f)) be an orthogonal projection on f). 
Assume that (7, T) is admissible and fulfills the G- and P-Conditions. Then 

ti 2 Ux®X)T {T) \ > -tr 1 {X7}min|l; 38 tri {X (7 - 7 2 )} 

+ 4[tr 1 {X( 7 -7 2 )}(2 + 8tr 1 {X( 7 -7 2 )} 2 )]'j. 

(40) 

Proof. The proof is carried out in several parts in the following sections. The 
first inequality is derived in Theorem 4.4. The second inequality follows from 
Theorems 4.15, 4.17 and 4.19. □ 

In order to apply Theorem 4.1 to (39), the potential V on f) f) is decomposed 
into an integral of a tensor product of two copies of the one-particle operator 
X. This decomposition is called Fcfferman-de la Llave identity. 

Lemma 4.2. For all x ,y e R 3 , i^y, one has 

00 
1 f dr f q3 



y\ 

R3 



d Z XB{z,r) [X] XB{z,r) (y) , (41) 



where XB(z,r) * s the characteristic function of the ball B(z 1 r) := 
{x G R 3 I \x — z\ < rj of radius r > centered at z € R 3 . 

The proof of the decomposition can be found in the original work of Fefferman 
and de la Llave in [7]. In [10], Hainzl and Seiringer have derived sufficient 
conditions on a pair potential V : R™ — > R so as to admit a decomposition of 
the form (41). 

Remark 4.3. The multiplication operator corresponding to Xb(z r) is denoted 
by X r , z = X. Clearly, 

23(f)) 3 X = X* = X 2 (42) 

is an orthogonal projection. 
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Instead of (39) we consider from now on 

tr 2 { (X X) T (T) } = tr 2 {{X X) {Y - (1 - Ex) ( 7 7))} . (43) 

A first estimation of this quantity is immediately obtained by applying the 
G-Condition directly on tr 2 {{X X)T}. This yields the first inequality of 

(40). 

Theorem 4.4. Let X be as in (42). Assume that (7, Y) is admissible and 
fulfills the G- Condition. Then 



tr ; 



{(i®i)r' T '} >-tn{x 7 }. 



Proof. As mentioned, we apply the G-Condition (20) with A* = A := X 
directly on tr 2 {(A" A") T}. The HF-part is carried out: 

tr 2 {(X X) (r - (1 - Ex) (7 7))} 

> (tri {A 7 }) 2 - tn {x 7 } - (tn {A 7 }) 2 + tn {x 1 x 1 } 

> - tn {Xj} . (44) 

The last inequality follows from tri {X7X7} = tri {X-/X-/X} > 0. D 

The goal of the next sections is an estimation of (43) in terms of 
tr 1 {X( 7 - 7 2 )}. 

4.1 Preparation 

A crucial step in [1] is the decomposition of the spectrum of 7 into eigenvalues 
which are larger than 5, and those which are smaller or equal i. Following 
this step, the decomposition is denoted by two orthogonal projections, P and 
P 1 - (a comparable strategy was also used by Graf and Solovej in [9]). The 
first one, P, projects on the space which is spanned by the eigenvectors of 7 
corresponding to eigenvalues larger than i. The second one treats the eigen- 
vectors with eigenvalues smaller or equal 5. Furthermore, the eigenvectors of 
7, {(fi I "fifi = \i^Pi} i= i, are used as an ONB of f) which we mainly refer to. In 
this basis the two projections can be defined straightforwardly. 

Definition 4.5. On f), the orthogonal projections P and P- 1 are defined by 



P:=t 



7> 2 



= Yl ivfc> <vfci and p± ■= 1 7<^ =^2\fk)(fk\ 



k>i 



(45) 



Here, the summation over "k > |" denotes the summation over {fc I A^ > i} 
and for "fc < 5" analogously. Obviously, 

P + P ± = t, PP 1 ^ = P^P = 0, P7 = 7 P and P- L 7 = 7 P- L . 
Moreover, the projections are bounded from above. 
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Lemma 4.6. For P and P- 1 defined in (45) 

P < 2 7 and P 1 - < 2 (1 - 7) (46) 

hold true. 

Note that, since rk{P} < 27V, P is of finite rank and, hence, trace class. 

Proof. Using the definition of the projections together with < 7 < 1, one 
finds for P: 

00 

p = J^ \fk) (fk\ < ^ 2 ^ fe i^*) ^ fe i - 2 X! Afe i^*) ^ fe i = 27 ' 

fc>i fc>i fe=l 

and for P- 1 : 

P ± = J2 l^ fe > <^l < ^Z 2(1 - A fe ) |^ fe ) (^ fc | < 2 (1 - 7) . 

D 

Thanks to P^- + P = 1 we can expand tr2 {(X X) T} into three parts to have 
expressions on which we can apply the conditions on (7,T). We denote this 
three parts by Main Part (MP), Remainder (R) and Main Error Term (MET). 

Lemma 4.7. Let X , and P and P 1 - be as defined in (42) and (45), respectively. 
Then 

tr 2 {(X0X)r} 

= tr 2 {{PXP PXP) r} + 4 D\e {tr 2 { (PXP P^XP) V) } 

+ 2 tr 2 { (PXP 1 ^ P^XP) T} 
+ tr 2 { (P 1 !? 1 F 1 !/ 51 ) r} + 4 JHe {tr 2 { (P^XP P 1 !? 1 ) L} } 

+ 2 tr 2 { (P^-XP 1 ^ PXP) T} 
+ 2 <Ke{tr 2 { (PXP 1 PXP^) T}} . (47) 

Proof. After replacing the identity operator on each side of X in each factor of 
the tensor product X X by (P + P- 1 ) , one can expand the r.h.s. of 

tr 2 {(X0X)r} 

= tr 2 { ((P + p- 1 ) X (P + p- 1 ) (P + p- 1 ) X (P + p- 1 )) r} . 

Using tr 2 {(A B) T} = tr 2 {{B A) T}, which is a consequence of ExTEx = 
r, one arrives at the assertion after rearranging. □ 

Afterwards, we collect the terms of (47) in a suitable way. Note that compared 
to [1] the definitions of the Main Part and the Remainder are slightly changed. 
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Definition 4.8. The term 

Imp := tr 2 {(PXP PXP) Y} + 4 <Ke {tr 2 { (PXP P^XP) T} } 
+ 4 tr 2 { (PXP 1 ^ P^XP) T} 

is called Main Part, 

?r := tr 2 { (P 1 !/ 31 P 1 !? 1 ) r} + 4 <Ke {tr 2 { (P^XP P^XP^) T} } 
+ 2 tr 2 { (P 1 ^^ 1 - PXP) T} - 2 tr 2 { (PXP 1 ^ P^XP) V) 

is called Remainder, and 

Tmet := 2 9*e {tr 2 { (PXP 1 PXP^) T} } 

is called Main Error Term. 

One estimate is used more than once when considering the terms in the Re- 
mainder and Main Error Term. This estimate requires the following lemma. 

LEMMA 4.9. Let {iptj^i £ fj be an ONB, Q = Q* = Q 2 , Q- 1 := 1 - Q, and 
Y = Y* = Y 2 G B([)) orthogonal projections. For r, s G IN define 

B(r,s):^\QY^ r ){Q ± Y^ s \eB(l}). (48) 

Then one has 

oo 

2 tr 2 {(B* (r, s) B (r, «)) (r + Ex ( 7 1))} 

r.s— 1 

= tr 2 { (QYQ Q^YQ^) {-T + 1 7 ) } . (49) 

OO 

Proof. Denoting if := J] tr 2 {(P* (r, s) B (r, s)) (r + Ex (7 1))}, we cal- 

r,s— 1 

culate the trace using the ONB {V^}^i £ §• 



00 00 



K= J2 J2 (ipk ® ipl\ (B* (r, s) ® B (r, s)) (ip m ® i>n)) 

r,s=l fc,I,m,n-l 

X (^ m ®^n| (r + Ex( 7 l))(V'fc0V'i))- 

In the next step, the definition of B (r, s) together with (.A) ■ ■ := (ipi\ Aipj), for 
any A G B(t)), can be used to write 



00 00 

' sn 
r.s— 1 k.l.m.n— 1 



x (^ m <g>^„| (r + Ex( 7 1)) (i> k ® i>0) 



22 

Performing the summation over r and s leads to 

DC 

K= J2 iQYQ) lm (Q^YQ^) kn 

k,l,m,n=l 

X (lp m ®^n\ (r + Ex(7<g)l))Ofe®Vi)) 

OO 

k,l : m,n—l 

x (i> m ®ii> n \ (r + Ex( 7 (g) i)) (ip k ® ipi)) ■ 

The summation over m and n can also be carried out. Finally, the summation 
over k and I gives 

DC 

K" = £ (4>k Vl | (Ex (QYQ Q^YQ^) (r + Ex (7 1))) (^ fc ^)) 
fe,i=i 

= tr 2 { (QFQ Q^FQ^) (- T + 1 7)} , 

using the cyclicity of the trace, T Ex = — T, and Ex (1 7) Ex = 701. □ 

Remark 4.10. By changing the definition of B (r, s) it is also possible to treat, 
for example, QYQ QYQ similarly. However, it is important to notice that 
J2 B* (r, s) B (r, s) is, in general, indefinite. In fact, the trace of B (r, s) is 

r.s 

vanishing in our case and so is the trace of B* (r, s) B (r,s). Hence, B* (r, s) 
P (r, s) is either indefinite or zero. Furthermore, since P 1 " and P commute with 
7, we also have tri {B (r, s) 7} = 0. 

A consequence of Lemma 4.9 is a key inequality for proving the estimate on 
the Remainder and the Main Error Term. This inequality is given in (50). 

Lemma 4.11. Let X , and P and P be as defined in (42) and (45), respectively. 
Assume that (7, T) is admissible and fulfills the G-Condition. Then 

ti 2 {{PXP®P^XP^)T} <4tn{X7}tri{X(7-7 2 )}. (50) 

Proof. First, we observe that (49) with Y — X and Q = P and the G-Condition 
immediately lead to 

00 
< Yl TR hK B * ( r > s)®B (r, s)) (T + Ex (7 1)) 

r,s— 1 

= tr 2 { (pxp pJ-ip 1 ) (- r + (1 7))} . 

Consequently, 

tr 2 { (PXP P^XP^) T} < tr 2 { (PXP P^XP^) (1 7)} 

= tri{PX}tri{P- L X 7 }. 
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Secondly, we permute the arguments in the trace cyclically and use that 7 is 
trace class and PX and P ± X are bounded. Then we use (46) to estimate the 
projections: 

tri {PX}trj {P x Xy} = tri {XPXjt^ {X^P^^jX} 
<4tr 1 {X 7 }tr 1 {X( 7 - 7 2 )} 

since -fP 1 - = y /jP ± y /j- □ 

Remark 4.12. From tr 2 {(A <g> B) V} = ti 2 {(B <g> A)T}, for A, B e 23(f)), one 
directly can conclude 

tr 2 { (P 1 !? 1 FJP) r} < 4 tri {X 7 } tn {X (7 - 7 2 ) } . (51) 

4.2 Estimation of the Remainder 
Now we consider the Remainder of (47): 

Tr := tr 2 { (P^-XP 1 ^ P^XP^) T} + 4 9^e {tr 2 { (P^XP ® P^XP^) T}} 
+ 2 tr 2 { (P^-XP 1 ^ PXP) T} - 2 tr 2 { (PXP 1 ^ ® P^XP) V) . 

The first three terms, summed up in Tr, x and the last term, called Tr 2 , are 
treated separately to derive a lower bound. 

Lemma 4.13. Let X, and P and P 1 be as defined in (42) and (45), respectively. 
Assume that (7, T) is admissible and fulfills the G- and P-Conditions. Then 

T Rl := tr 2 { (P^-XP 1 ^ P^XP^) Y) + 2 tr 2 { (P 1 !/ 31 ® PXP) V) 

+ 4 <He {tr 2 { (P 1 !? 1 PXP- 1 ) T} } 
>-8tr 1 {X 7 }tr 1 {X( 7 -7 2 )}. 

Proof. First, we use ?te (£) > — |C|> f° r an y complex number £, and P^~XP 
P^-XP^- = (P- L X P^X) (XP&XP 1 -) to infer 

r Rl = tr 2 { (P^-XP 1 ^ F 1 !? 1 ) T} + 2 tr 2 { (PXP P 1 !? 1 ) T} 
+ 4 JRe {tr 2 { (P^XP P^XP^) T} } 
> tr 2 { (P^XP 1 - P^XP 1 -) T} + 2 tr 2 { (PXP P^XP^) V) 
- 4 |tr 2 { (P^X P^X) (XP IP 1 ) T} J . 

Then we use that (A, B) := tr 2 {A*B V} defines a positive semidefinite Hcrmi- 
tian form on 23(f) f)), due to V > 0, which is the P-Condition. Hence, the 
Cauchy-Schwarz inequality 

\(A,B)\<(A,A)i(B,B)i (52) 
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holds, and we arrive at 
T Kl > tr 2 { (P^-XP 1 ^ P^XP^) T} + 2 tr 2 { (PXP <g> P^XP^) T} 

- 4 (tr 2 { (P^XP- 1 ® P 1 !? 1 ) T}) * (tr 2 { (PXP ® P^XP^) T}) * . 

As x 2 -46a; > -46 2 , for x := (tr 2 { (P 1 !/ 31 P 1 !? 1 ) F})^ and 6 := 
(tr 2 { (PXP <g> P^XP^) r}) 5 , one then easily concludes 

r Rl > - 4 tr 2 { (PXP P 1 IP 1 ) T} + 2 tr 2 { (PXP P 1 IP i ) T} 
= - 2 tr 2 { (PXP P^XP^) T} . 

The proof is completed by using (50): 

T Rl > - 2 tr 2 { (PXP ® P^P 1 ) r} > - 8 tn {X 7 } tn {X ( 7 - 7 2 ) } . 

D 

The estimate on Tr 2 := - 2 tr 2 { (P ± XP <g> PXP 1 ) F} is addressed in the next 
lemma. 

Lemma 4.14. Let X, and P and P 1 be as defined in (42) and (45), respectively. 
Assume that ( 7 , T) is admissible and fulfills the G- and P-Conditions. Then 

p R , 2 = - 2 tr 2 { (p^xp ® pxp^) r} > - 8 tn {x 7 } tn {x ( 7 - 7 2 ) } . 

(53) 

Proof. First, the left side is estimated by its absolute value. Then the Cauchy- 
Schwarz inequality (52) is used: 

- 2 tr 2 { (P^-XP ® PXP^) T} 

> - 2 |tr 2 { (P^-XP <g> PXP^) T} J 

> - 2 (tr 2 { (P 1 !? 1 PXP) T}) * (tr 2 { (PXP <g> P^XP^) V}) * 

= -2tn{ (PXP® P ± XP ± )T}. (54) 

The assertion (53) follows again from (50). D 

Summing up the results, we obtain the following estimate of the Remainder 
directly from Lemmata 4.13 and 4.14. 

Theorem 4.15. Let X , and P and P 1 be as defined in (42) and (45), respec- 
tively. Assume that ( 7 ,T) is admissible and fulfills the G- and P-Conditions. 
Then 

T R >-i6tn{X 7 }tn{X( 7 - 7 2 )}. 
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4.3 Estimation of the Main Error Term 

The main error in Theorem 4.1 results from estimating Tmet in (47), 

Tmet = 2 SHe {tr 2 { (P^XP P^XP) V) } . (55) 

A key observation is that terms of the form A B £ 2?(h h) or Ex (A® B) G 
S(h0h) can be added to T in (55) without changing the value of Tmet, provided 
A and B commute with P 1 - and P. Therefore, one can also consider 

Tmet = 2 9te {tr 2 { (P^XP P 1 !?) (r + Ex ( 7 1)) } } . 

This expression can now be estimated using a variant of the Cauchy-Schwarz 
inequality given in the next lemma. 

Lemma 4.16. Let X , and P and P 1 - be as defined in (42) and (45), respectively. 
Assume that (7, T) is admissible and fulfills the G-Condition. Then 

me {tr 2 { (P ± XP P ± XP) (r + Ex (7 1))} } 

> - (tr 2 { (PXP 1 ^ P ± XP) (T + Ex (7 1))}) * 

x (tr 2 {(F 1 IP®_PXF 1 )(r + Ex( 7 ®l))})^. (56) 
Proof. We define 

{A, B) := tr 2 {{A* B) {Y + Ex (7 1))} 
on B(\)) x 23(h) and observe that, because 



tr 2 {(B* «i)r}= tr 2 {(A B*)T} = tr 2 {(A* B) V] 
and 



tr 2 {(B* A) Ex (7 1)} =tT 1 {B*A^} ^tr 1 {A*Bj} 



tr 2 {(A*0B)Ex( 7 0l)}, 



(• , •) defines a Hcrmitian form on 23(h) x 23(f)). Furthermore, (• , •) is positive 
semidcfinitc, since 

(A, A) = tr 2 {(A* A) (r + Ex (7 1))} 
> |tri {A 7 }| 2 > 
thanks to the G-Condition. Hence, the Cauchy-Schwarz inequality \(A, B)\ < 
(A, A) 5 {B,By holds true. Applying this with A* := B := P^XP, we arrive 
at the asserted estimate (56): 

me {tr 2 { (P ± XP P ± XP) (r + Ex (7 1))} } 

= me{{A*,A)}> -\(A*,A)\ >-{A*,A*Y{A,AY 
= - (tr 2 { (PXP 1 - P^XP) (r + Ex (7 1))}) * 

x (tr 2 { (P ± XP PXP^) (r + Ex (7 1))}) * . 

□ 
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Now the Main Error Term can be estimated. 

Theorem 4.17. Let X , and P and P be as defined in (42) and (45), respec- 
tively. Assume that ( 7 ,T) is admissible and fulfills the G- and P-Conditions. 
Then 

i 
Tmet > - 2 tn {X 7 } [8 tri {X ( 7 - 7 2 ) } (l + 4 tn {X ( 7 - 7 2 ) } 

Proof. We rewrite Tmet adding the necessary exchange term to allow for an 
application of (56): 

Tmet = 2 <Ke {tr 2 { (P^XP P^XP) V}} 

= 2 me {tr 2 { (P ± XP P X XP) (r + Ex ( 7 1))} } 

> - 2 (tr 2 { (PXP- 1 P-L^P) (r + Ex (7 1)) }) * 

x (tr 2 { (P^XP PXP^) (T + Ex ( 7 1))}) * . 

Note that tr 2 { (PXP- 1 P ± XP) T} = tr 2 { (P ± XP PXP- 1 ) T}, which was 
already estimated in (54). Together with (50) we obtain 

tr 2 { (PXP 1 ^ P^XP) T} < tri { (PXP P 1 !? 1 ) r} 

<4tn{x 7 }tn{x( 7 - 7 2 )}. 

The two exchange terms have to be treated separately. Using P^-^P < 1, we 
find 

tr 2 { (PXP 1 ^ P^XP) Ex( 7 1)} = tri {F 1 !^!? 1 } 

= tr 1 {P ± XV 7j PV7XP ± } 
< tri {Xj} , 

and 

tr 2 { (P^XP PXP^) Ex ( 7 1)} = tri {PXP^-fP^XP} 

= tri {IPIIPV 1 ^} 

< tri {XPX} tri {!P i 7/ 3l l} 

<4tri{X 7 }tri{X( 7 - 7 2 )}, 

where cyclic permutation in the argument of the trace is used together with 
X = X 2 , (P' 1 ) = P' 1 and P 2 = P to expand the argument of the trace. 
Then one can use XPX > and XP J -jP J -X > to estimate by XPX < 
1 tri {XPX}. Afterwards, (46) can be used. Merging the results, we arrive at 
the assertion. □ 
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4.4 Estimation of the Main Part 

In this section it is shown that the remaining terms of (47), 

Imp = tr 2 { {PXP PXP) T} + 4 me {tr 2 { (PXP 1 ^ PXP) T) } 
+ 4 tr 2 { (PXP 1 ^ P^XP) T} , 

are large enough to cover the HF-part tr 2 {(X X) (1 — Ex) (7 7)} in (43). 
Due to this, we call this terms the Main Part. As mentioned, the Main Part 
was extended by an additional term. This extension allows for the following 
observation. 

Lemma 4.18. Let X, and P and P- 1 be as defined in (42) and (45), respectively. 
Then 

Imp - tr 2 { (PX (P + 2P^) (P + 2P^) XP) V) . (57) 

Proof. Expanding the parentheses on the right side leads to the assertion by 
usingtr 2 {(A0B)r} = tr 2 {{B ® A)T}. □ 

For A := (P + 2P 1 -) XP wc have T M p = tr 2 {(A* A) T}. This provides the 
use of the G-Condition. 

Theorem 4.19. Let X , and P and P- 1 be as defined in (42) and (45), respec- 
tively. Assume that (7, T) is admissible and fulfills the G-Condition. Then 

Imp - tr 2 {(X X) (1 - Ex) (7 7)} > - 22 tn {Xj} tn {X (7 - 7 2 ) } . 

(58) 

Proof. The proof is split into two parts. In the first part, the trace of the HF- 
part is calculated. In the second part, the Main Part is estimated by applying 
the G-Condition with A := (P + 2P ± ) XP. 

a) As in (44), the trace of the HF part can be written as 

tr 2 {(X X) (1 - Ex) (7 7)} = (tn {X7}) 2 - tn {X 1 X 1 } . 

b) Owing to (57), the G-Condition can be applied directly on the Main Part: 

Imp = tr 2 { (PX (P + 2P^) (P + 2P^) XP) T) 

> \tY 1 {PX(P + 2P^) 1 }\ 2 

- tn {PX (P + 2P ± ) 7 (P + 2P ± ) XP} . 

Due to cyclical permutation, [7, P] = [7, P 1 -] = and P^P = PP^- = 0, 
some traces vanish. The result is 

Imp > |tn {PXj}\ 2 - tn {XPXPj} - 4tn {XPXP^j} 

> (tn {PX-/}) 2 - tn {PX-/X} - 4tn {XP}tn {XP^} • 
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In tri {XPXP^}, [P, 7 ] = and P < 1 is used to write 
tixiXPXPj} = tri {PX^/jPy/jXP} < tixiPX-fX}. In the 
last trace, XP < 1 tri {XP} is used. This is possible since 
tri {XPXP^} = tri {XPXXP ± -/X} and XP ± -/X = \XP^^y\ 2 > 
together with XPX > 0. 

Before adding up the estimates, we note that 

tn {P ± X 1 X 1 } = tn {Vl X Vl P± Vl X Vl} > 
and 

(tn {Xj}) 2 - (tri {PXj}) 2 

= (tn {X 7 } + tn {Pl 7 } ) (tri {*7> - tri {PXj} ) 

= (tri{X 7 } + tri{PX 7 })tri{P ± X 7 }. (59) 

Furthermore, one has tri {XP}tii {XP- L 7 } < 4tn {Xj} tri {-X" ( 7 - 7 2 )}. 
These results can now be applied together with a) and b) to the left side of 

(58): 

Pmp - tr 2 {(X X) (1 - Ex) (7 7 )} 

> - ( (tri {x 7 }) 2 - (tn {PX 7 }) 2 ) + tn {X 1 x 1 } - tn {PX 1 x} 



-i6tn{x 7 }tn{x( 7 - 7 2 )}. 

At this point we use (59), split tri {XjX-f} into tii{PXjXj} + 
tri {P^X-fX-f}, and rearrange: 

Tmp - tr 2 {(X ®X)(t- Ex) (7 ® 7 )} 

> - (tn {X 7 } + tri {PX 7 }) tri {P ± X 7 } 

- tri {FI7I (1 - 7)} + trj {P^-XjXj} 
-16tri{X 7 }tri{X( 7 -7 2 )}. 

Then, with P < 1, P 1 - < 2 (1 - 7), and tri {P- L X 7 X 7 } > 0, one obtains 

Pmp - tr 2 {(X (g> X) (1 - Ex) ( 7 ® 7)} 

> - 4 tn {X-f} tri {X (7 - 7 2 ) } - tri {PXjX (1 - 7)} 

-16tri{X 7 }tri{A(7-7 2 )}. 

We continue with the inequality X-fX < Itri {X-fX}. This is allowed be- 
cause tri {PX-fX (I-7)} = tri {X-fXX (1 - 7) PX} and X (1 - 7) PX = 
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Xy/T^Py/T^X =\Xy/T^jP\ > together with X-fX > 0: 

Tmp - tr 2 {(X X) (1 - Ex) ( 7 7 )} 

> - 20 tri {X 7 } tri {X (7 - 7 2 ) } - tn {X7X} tri {X (1 - 7) PI} 

> - 20 tri {Xj} tn {X (7 - 7 2 ) } - 2 tri {Xj} tn {X (7 - 7 2 ) } 

= -22tr 1 {X 7 }tr 1 {X( 7 -7 2 )}. 

The last inequality follows from P < 2j. □ 

Finally, the proof of Theorem 4.1 is completed by the estimation of Tr in Theo- 
rem 4.15, T M et in Theorem 4.17 and T M p - tr 2 {(X X) (1 - Ex) (7 7)} in 
Theorem 4.19. In each of this theorems, the G- Condition was used to generate 
bounds. The P-Condition was only applied to provide the use of the Cauchy 
Schwarz inequality. In the end, it is remarkable that the Q-Condition is not 
needed for the proof of the correlation estimate. 

5 Summary 

We have obtained several results in the last section, which were merged in the 
main theorem, Theorem 4.1: 

tr 2 {{X X) (r - (1 - Ex) (7 7))} > - tn {X 7 } , 
T R > - 16 tri {X- f } tn {X (7 - 7 2 ) } , 

Tmet > - 2 tn {Xj} [8 tn {x (7 - 7 2 ) } (1 + 4 tn {x (7 - 7 2 ) } 

Tmp - tr 2 {(X X) (1 - Ex) (7 7)} > - 22 tn {Xj} tn {X (7 - 7 2 ) } 



Denoting b := tri {-^7} an d a := \/tn {X (7 — 7 2 )}, one can rewrite the es- 
timates for tr 2 {(X X) r< T ) } = tr 2 {{X X) (r - (1 - Ex) (7 7))} as fol- 
lows: 

tr 2 |(X0X)r (T) | > -fcrninjl; a (38a + 2-\/8 + 32a 2 ) } . (60) 

A suitable choice of a < 6 in (60) leads to the following correlation estimation. 

Theorem 5.1. Let X, and P and P be as defined in (42) and (45), respec- 
tively. Assume that (7, T) is admissible and fulfills the G- and P-Conditions. 
Then 



tr 2 



{(I®I)r< T ») > -tn{X7}min{l; lO^tn {X (7 - 7 2 )}} . 
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Proof. The minimum in (60) is a (38a + 2\/8 + 32a 2 ) for < a < -4= and, 



thus, i > (38a + 2\/8 + 32a 2 ) . Since (38a + 2\/8 + 32a 2 ) is monotonously 
increasing in a, we find 



38a + 2 v / 8 + 32a 2 j < V94< 10, (61) 

which implies the assertion. □ 

Remark 5.2. In section 4.1, we have split the eigenvalues of 7 in eigenvalues 
which are larger than \ and lower or equal \. In fact, this split turns out to be 
almost optimal and (61) cannot be sharpened by another choice of P and P- 1 . 

Up to the constant (61), Theorem 5.1 is exactly the result which was already 
obtained in [1]. The difference of the constants comes, on the one hand, from 
a different arrangement of the terms of tr2 {(X ® X) r( T )} and, on the other 
hand, from the fact that in [1] also the Q-Condition was used, which can be 
seen implicitly in estimate (68) in [1]. With the result of Theorem 5.1 we can 
immediately perform the integration in the Feffermann-de la Llave identity 
according to [1] which leads to an estimate of tr 2 {V {T — (1 — Ex) (7 07))}. 
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